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Abstract
The story begins in 2007 when Ardila computed the Tutte polynomials of the hyperplane
arrangements associated to the symmetric groups Sym(n), and to the imprimitive groups
G(2, 1, n) and G(2, 2, n). One year later, De Concini and Procesi computed the Tutte
polynomials associated to the primitive groups G28, G35, G36, G37. Then Randriamaro
computed in 2017 those associated to the imprimitive groups G(m, p, n). This article aims
to close the chapter on the complex reflection groups by computing the Tutte polynomials
associated to the primitive groups G4, . . . , G27, G29, . . . , G34.
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1 Introduction
We work in the Hermitian space Cn endowed with an inner product 〈, 〉 : Cn × Cn → R.
Let Um be the set of all mth roots of unity, and denote by U the set
⋃
m∈N∗
Um.
Definition 1.1. Let u ∈ Cn, and ξ ∈ U. A complex reflection is a unitary transformation
ru,ξ : Cn → Cn defined by
ru,ξ(x) := x− (1− ξ)〈x, u〉〈u, u〉u.
Definition 1.2. A complex reflection group or CRG is a finite subgroup of GL(Cn)
generated by complex reflections on Cn.
Denote by RG the set formed by the complex reflections of a CRG G.
Definition 1.3. A parabolic subgroup of a complex reflection group G is a complex
reflection group generated by a subset of RG.
Definition 1.4. Let a1, . . . , an ∈ C such that (a1, . . . , an) 6= (0, . . . , 0). A hyperplane in
Cn is a (n − 1)-dimensional subspace H := {(z1, . . . , zn) ∈ Cn ∣∣ a1z1 + · · · + anzn = 0}. A
hyperplane arrangement is a finite set of hyperplanes in Cn.
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Definition 1.5. A hyperplane arrangement A in Cn is reducible if there exist two nontrivial
Hermitian subspaces V1, V2 ⊆ Cn, and two hyperplane arrangements A1,A2 respectively in
V1, V2 such that Cn = V1 ⊕ V2 and A = {H1 ⊕ V2 | H1 ∈ A1} unionsq {H2 ⊕ V1 | H2 ∈ A2}.
Definition 1.6. The hyperplane arrangement associated to a complex reflection group G is
AG :=
{
ker(1− r) ∣∣ r ∈ RG}.
The group G is said irreducible if AG is irreducible.
The irreducible CRGs were classified by Shephard and Todd [13]. The three infinite families
of irreducible CRGs are the symmetric groups Sym(n), the imprimitive groups G(m, p, n),
and the cyclic groups Cn. In addition there are 34 irreducible primitive groups of ranks
2, . . . , 8 denoted by the symbols G4, G5, . . . , G37. Each irreducible CRG has minimum sets
of complex reflections generating it and subject to braid relations [4, Appendix A]. One
important result due to Steinberg states that a parabolic subgroup of a CRG fixes a subspace
of Cn [14, Theorem 1.5]. Another result, particularly substantial for this article, is the
recent determination of the normalizers of parabolic subgroups in complex reflection groups
by Muraleedaran Krishnasamy and Taylor [9]. Furthermore, CRGs play a key role in the
structure as well as in the representation theory of finite reductive groups, and give rise to
braid groups and generalized Hecke algebras [3, Chapter 2 – 3].
The rank of a hyperplane arrangement A in Cn is rkA := n−
⋂
H∈A
H.
Definition 1.7. Let G be a complex reflection group, and x, y two variables. The Tutte
polynomial TG(x, y) associated to G is the Tutte polynomial of AG, that is
TG(x, y) :=
∑
B⊆AG
(x− 1)rkAG−rkB(y − 1)#B−rkB.
One trivial case is that of the cyclic group Cn of rank 1 with which ACn = {0}, and then
TCn(x, y) = x. For every complex reflection group G, there exist some irreducible CRGs
G(1), . . . , G(m) such that G ' G(1) × · · · ×G(m) [8, Theorem 1.27], and then
TG(x, y) =
∏
i∈[m]
TG(i)(x, y).
Therefore, the Tutte polynomial associated to every CRG can be computed from Tutte poly-
nomials associated irreducible CRGs. In 2007, Ardila computed TSym(n)(x, y), TG(2,1,n)(x, y),
TG(2,2,n)(x, y) [1, Theorem 4.1–4.3]. De Concini and Procesi [5, § 3.3], and Randriamaro
[12, Theorem 1.4] proposed other formulas for those three polynomials. One year later, De
Concini and Procesi computed TG28(x, y), TG35(x, y), TG36(x, y), TG37(x, y) [5, § 3.4]. The PhD
thesis of Geldon particularly consisted on the computing of the three latter polynomials [7].
Then in 2017, Randriamaro extended the Tutte polynomial computing to complex hyperplane
arrangement by determining TG(m,p,n)(x, y) [11, § 5].
Denote by ClG(X) resp. NG(X) the conjugacy class resp. normalizer of a subset X in a
complex reflection group G. Moreover, let C (G) be the set formed by the conjugacy classes
of the parabolic subgroups of G, and C (G)∗ := C (G) \ClG(G). This article aims to compute
the Tutte polynomials of the remaining irreducible CRGs through the following theorem.
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Theorem 1.8. Let G be a CRG. We obtain the Tutte polynomials associated to the primitive
groups G4, . . . , G22 of rank 2 with the formula
TG(x, y) = x
2 + (#AG − 2)x+
∑
i∈[#AG−1]\{1}
(#AG − i)yi−1. (1)
Then, we obtain the Tutte polynomials associated to the primitive groups G23, . . . , G27, G29, . . . , G34
of ranks 3, 4, 5, 6 with the recurrence relation
TG(x, y) = y
#AG +
∑
ClG(P )∈C (G)∗
[
G : NG(P )
](
(x− 1)rkAG−rkAP − (y − 1)rkAP )TP (1, y). (2)
Remark that one can also compute the Tutte polynomials associated to G28, G35, G36, G37
by using Equation 2. Although one can in principle compute the Tutte polynomial using its
definition, in practice that may be very cumbersome. Already for the CRG G30 = H4, it
takes an enormous amount of computer time and space. Besides, Orlik and Solomon proved
that the Poincare´ polynomial of the cohomology ring of MG = Cn \
⋃
H∈AG
H is given by [10]
∑
k∈N
rankHk(MG,Z) qk = (−1)rkAGqn−rkAGTG(1− q, 0).
Furthermore, another result due to Bessis states that MG is K(pi, 1) [2].
This article is organized as follows: We recall the formula of Crapo in Section 2, and use it to
prove Equation 1. We prove Equation 2 in Section 3. Then, we use Equation 2 to compute
the Tutte polynomials associated to the irreducible CRGs of rank 3 in Section 4, of rank 4 in
Section 5, and of ranks 5 and 6 in Section 6. The computings are done with the mathematics
software system SageMath.
2 The Complex Reflection Groups of Rank 2
We begin by exposing the formula of Crapo. The first reason is we use it just after to
prove Equation 1. The second reason is that formula is the function we program to compute
the intermediate Tutte polynomials like TSym(5)(x, y), TG(2,2,4)(x, y), TG(3,3,4)(x, y) to obtain
TK5(x, y) for example. It indeed has the advantage to reduce the implementation on
(
#AG
rkAG
)
sets instead of 2#AG .
Definition 2.1. Let A be a hyperplane arrangement in Cn. A basis of A is a subset B ⊆ A
such that
#B = rkA and rkB = rkA.
Denote by B(A) the set formed by the basis of A. Moreover if A has a linear order , for
B ⊆ A and H ∈ A, define the set BH := {K ∈ B | K H}.
Definition 2.2. Let A be a hyperplane arrangement in Cn with a linear order , and
B ∈ B(A):
• Let K ∈ B. One says that K is an internal active element of B if
∀H ∈ AK \ B : rk
({H} unionsq (B \ {K})) < rkA.
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• Let H ∈ A \ B. One says that H is an external active element of B if
rk
({H} unionsq BH) = rk(BH).
Denote by I(B) resp. E(B) the set of internal resp. external active elements of a basis B.
Here is the formula of Crapo [6, Theorem 2.32].
Theorem 2.3. Let A be a hyperplane arrangement in Cn with a linear order. Then, the
Tutte polynomial of A is
TA(x, y) =
∑
B∈B(A)
x#I(B)y#E(B).
Now, let G be a CRG of rank 2, and define the linear order ≺ on AG = {Hi}i∈[m], for
Hi, Hj ∈ AG, by: Hi ≺ Hj ⇐⇒ i < j. Hence,
• I({H1, H2}) = {H1, H2} and E({H1, H2}) = ∅,
• if 2 < j ≤ m, then I({H1, Hj}) = {H1} and E({H1, Hj}) = ∅,
• if 1 < i < j ≤ m, then I({Hi, Hj}) = ∅ and E({Hi, Hj}) = {Hk ∣∣ k ∈ [i− 1]}.
Therefore,
TG(x, y) =
∑
i∈[m−1]
∑
j∈[m]\[i]
x#I({Hi,Hj})y#E({Hi,Hj})
= x2 +
∑
j∈[m]\{1,2}
x+
∑
i∈[m−1]\{1}
∑
j∈[m]\[i]
yi−1
= x2 + (m− 2)x+
∑
i∈[m−1]\{1}
(m− i)yi−1
= x2 + (#AG − 2)x+
∑
i∈[#AG−1]\{1}
(#AG − i)yi−1.
We deduce the Tutte polynomials associated to the CRGs G4, G5, . . . , G22 by replacing #AG
to the corresponding cardinalities #AGk listed in Table 1. Those cardinalities were obtained
from [8, Table D.1]. T denotes the binary tetrahedral group of order 24, O the binary
octahedral group of order 48, and I the binary icosahedral group of order 120. Besides, the
symbol A ◦B denotes the central product of subgroups A and B.
3 Proof of Equation 2
We first recall two formulas of De Concini and Procesi in Proposition 3.2. Then we proceed
to the proof of Equation 2.
Definition 3.1. Let A be a hyperplane arrangement in Cn. The closure of a subset B ⊆ A
in A is
B¯ := {H ∈ A ∣∣ rk(B ∪ {H}) = rkB}.
The subset B is a flat of A if B¯ = B.
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k Gk #AGk k Gk #AGk k Gk #AGk
4 SL2(F3) 4 11 C3 × (C8 ◦O) 32 18 C15 × I 32
5 C3 × T 8 12 GL2(F3) 12 19 C15 × (C4 ◦ I) 62
6 C4 ◦ SL2(F3) 10 13 C4 ◦O 18 20 C3 × I 20
7 C3 × (C4 ◦ T ) 14 14 C3 ◦GL2(F3) 20 21 C3 × (C4 ◦ I) 50
8 T C4 12 15 C3 × (C4 ◦O) 26 22 C4 × I 30
9 C8 ◦O 24 16 C5 × I 12
10 C3 × T C4 20 17 C5 × (C4 ◦ I) 42
Table 1: The Irreducible Complex Reflection Groups of Rank 2
Denote by F(A) the set formed by the flats of a hyperplane arrangement A. We need the
following result due to De Concini and Procesi [6, Proposition 2.36].
Proposition 3.2. Let A be a hyperplane arrangement in Cn. Then,
TA(x, y) =
∑
B∈F(A)
(x− 1)rkA−rkB TB(1, y),
y#A =
∑
B∈F(A)
(y − 1)rkB TB(1, y).
Denote by P(G) the set formed by the parabolic subgroups of a complex reflection group G.
We also need both following properties.
Lemma 3.3. Let G be a complex reflection group. Then, there is a one-to-one correspondence
between the parabolic subgroups in P(G) and the flats in F(AG) so that, if P ∈ P(G), then
its corresponding flat is AP =
{
ker(1− r) ∣∣ r ∈ RP}.
Proof. Assume that AG is a hyperplane arrangement in Cn. Then, P is a parabolic subgroup
of G if and only if there exists a subspace V ⊆ Cn such that AP = {H ∈ AG | V ⊆ H}
and
⋂
H∈AP
H = V if and only if AP is a flat of AG.
Lemma 3.4. Let G be a group, and X ⊆ G. Then, #ClG(X) =
[
G : NG(X)
]
.
Proof. Let g, h ∈ G. On one hand, gXg−1 = hXh−1 if and only if g−1hXh−1g = X if and
only if g, h are in the same left coset of NG(X). On the other hand, we deduce that the left
cosets of NG(X) are the equivalence classes of the equivalence relation
∀g, h ∈ G : g ∼ h⇐⇒ gXg−1 = hXh−1,
so form a partition of G. Take two left cosets gNG(X), hNG(X) of NG(X). Since the function
f : gNG(X)→ hNG(X) defined by f(x) = hg−1x is bijective with inverse given by f−1(y) =
gh−1y, then #gNG(X) = #hNG(X). That proves that the number of cosets of NG(X), and
consequently #ClG(X), is equal to
[
G : NG(X)
]
.
5
We can now proceed to the proof of Equation 2. Using Proposition 3.2, we get
TG(x, y) =
∑
A∈F(AG)
(x− 1)rkAG−rkA TA(1, y)
=
∑
A∈F(AG)\AG
(x− 1)rkAG−rkA TA(1, y) + TG(1, y)
=
∑
A∈F(AG)\AG
(x− 1)rkAG−rkA TA(1, y) + y#AG −
∑
A∈F(AG)\AG
(y − 1)rkA TA(1, y)
= y#AG +
∑
A∈F(AG)\AG
(
(x− 1)rkAG−rkA − (y − 1)rkA)TA(1, y).
From Lemma 3.3, we get
TG(x, y) = y
#AG +
∑
P∈P(G)\G
(
(x− 1)rkAG−rkAP − (y − 1)rkAP )TAP (1, y)
= y#AG +
∑
ClG(P )∈C (G)∗
#ClG(P )
(
(x− 1)rkAG−rkAP − (y − 1)rkAP )TP (1, y).
Finally from Lemma 3.4, we get
TG(x, y) = y
#AG +
∑
ClG(P )∈C (G)∗
[
G : NG(P )
](
(x− 1)rkAG−rkAP − (y − 1)rkAP )TP (1, y).
4 The Complex Reflection Groups of Rank 3
In this section are exposed the Tutte polynomials associated to the irreducible CRGs H3,
J
(4)
3 , L3, M3, J
(5)
3 . The computings were done using the cardinalities of conjugacy classes in
Table 2. Note that Table 2 is established by means of Lemma 3.4 and [9, Table 4].
TH3(x, y) = y
12 + 3y11 + 6y10 + 10y9 + 15y8 + 21y7 + 28y6 + 36y5 + 6xy3 + 45y4 + x3 + 12xy2
+ 49y3 + 12x2 + 28xy + 48y2 + 32x+ 32y.
T
J
(4)
3
(x, y) = y18 + 3y17 + 6y16 + 10y15 + 15y14 + 21y13 + 28y12 + 36y11 + 45y10 + 55y9 + 66y8
+ 78y7 + 91y6 + 105y5 + 120y4 + x3 + 21xy2 + 136y3 + 18x2 + 70xy + 132y2
+ 80x+ 80y.
TL3(x, y) = y
9 + 3y8 + 6y7 + 10y6 + 15y5 + 21y4 + x3 + 9xy2 + 28y3 + 9x2 + 18xy + 27y2
+ 18x+ 18y.
TM3(x, y) = y
18 + 3y17 + 6y16 + 10y15 + 15y14 + 21y13 + 28y12 + 36y11 + 45y10 + 55y9 + 66y8
+ 78y7 + 91y6 + 105y5 + 12xy3 + 120y4 + x3 + 33xy2 + 124y3 + 18x2 + 54xy
+ 108y2 + 72x+ 72y.
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P #ClH3(P )
G23 = H3 Sym(2) 15
2Sym(2) 15
Sym(3) 10
G(5, 5, 2) 6
#Cl
J
(4)
3
(P )
G24 = J
(4)
3 Sym(2) 21
Sym(3) 28
G(2, 1, 2) 21
#ClL3(P )
G25 = L3 C3 12
2C3 12
SL2(F3) 9
#ClM3(P )
G26 = M3 Sym(2) 9
C3 12
Sym(2) + C3 36
SL2(F3) 9
G(3, 1, 2) 12
#Cl
J
(5)
3
(P )
G27 = J
(5)
3 Sym(2) 45
Sym(3) 60
Sym(3)′ 60
G(5, 5, 2) 36
G(2, 1, 2) 45
Table 2: The Conjugacy Classes of the Parabolic Subgroups of G23, . . . , G27
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P #ClN4(P ) P #ClN4(P )
Sym(2) 40 Sym(4) 80
2Sym(2) 120 Sym(4)′ 80
Sym(3) 160 G(4, 4, 3) 20
G(2, 1, 2) 30 G(2, 1, 3) 40
Sym(2) + Sym(3) 160
Table 3: The Conjugacy Classes of the Parabolic Subgroups of G29
P #ClH4(P ) P #ClH4(P )
Sym(2) 60 Sym(2) + Sym(3) 600
2Sym(2) 450 Sym(2) +G(5, 5, 2) 360
Sym(3) 200 Sym(4) 300
G(5, 5, 2) 72 H3 60
Table 4: The Conjugacy Classes of the Parabolic Subgroups of G30
T
J
(5)
3
(x, y) = y42 + 3y41 + 6y40 + 10y39 + 15y38 + 21y37 + 28y36 + 36y35 + 45y34 + 55y33 + 66y32
+ 78y31 + 91y30 + 105y29 + 120y28 + 136y27 + 153y26 + 171y25 + 190y24 + 210y23
+ 231y22 + 253y21 + 276y20 + 300y19 + 325y18 + 351y17 + 378y16 + 406y15 + 435y14
+ 465y13 + 496y12 + 528y11 + 561y10 + 595y9 + 630y8 + 666y7 + 703y6 + 741y5
+ 36xy3 + 780y4 + x3 + 117xy2 + 784y3 + 42x2 + 318xy + 708y2 + 432x+ 432y.
5 The Complex Reflection Groups of Rank 4
In this section are exposed the Tutte polynomials associated to the irreducible CRGs N4, H4,
O4, L4. The computings were done using the cardinalities of conjugacy classes in Table 3 –
6, established by means of Lemma 3.4 and [9, Table 6 – 9].
TN4(x, y) = y
36 + 4y35 + 10y34 + 20y33 + 35y32 + 56y31 + 84y30 + 120y29 + 165y28 + 220y27
+ 286y26 + 364y25 + 455y24 + 560y23 + 680y22 + 816y21 + 969y20 + 1140y19
+ 1330y18 + 1540y17 + 1771y16 + 2024y15 + 2300y14 + 2600y13 + 2925y12
+ 3276y11 + 20xy9 + 3654y10 + 60xy8 + 4040y9 + 120xy7 + 4415y8 + 240xy6 + 4760y7
+ 420xy5 + 5016y6 + 660xy4 + 5124y5 + x4 + 30x2y2 + 1120xy3 + 5025y4 + 36x3
+ 220x2y + 1740xy2 + 4500y3 + 416x2 + 2240xy + 3360y2 + 1536x+ 1536y.
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P #ClO4(P ) P #ClO4(P )
Sym(2) 60 Sym(2) + Sym(3) 960
2Sym(2) 360 Sym(4) 480
Sym(3) 320 G(4, 2, 3) 60
G(4, 2, 2) 30
Table 5: The Conjugacy Classes of the Parabolic Subgroups of G31
TH4(x, y) = y
56 + 4y55 + 10y54 + 20y53 + 35y52 + 56y51 + 84y50 + 120y49 + 165y48 + 220y47
+ 286y46 + 364y45 + 455y44 + 560y43 + 680y42 + 816y41 + 969y40 + 1140y39
+ 1330y38 + 1540y37 + 1771y36 + 2024y35 + 2300y34 + 2600y33 + 2925y32 + 3276y31
+ 3654y30 + 4060y29 + 4495y28 + 4960y27 + 5456y26 + 5984y25 + 6545y24
+ 7140y23 + 7770y22 + 8436y21 + 9139y20 + 9880y19 + 10660y18 + 11480y17
+ 12341y16 + 13244y15 + 14190y14 + 60xy12 + 15180y13 + 180xy11 + 16155y12
+ 360xy10 + 17056y11 + 600xy9 + 17824y10 + 900xy8 + 18400y9 + 1260xy7
+ 18725y8 + 1680xy6 + 18740y7 + 2160xy5 + 18386y6 + 72x2y3 + 2700xy4 + 17604y5
+ x4 + 144x2y2 + 3816xy3 + 16335y4 + 56x3 + 416x2y + 4932xy2 + 13932y3 + 964x2
+ 6248xy + 10324y2 + 5040x+ 5040y.
TO4(x, y) = y
56 + 4y55 + 10y54 + 20y53 + 35y52 + 56y51 + 84y50 + 120y49 + 165y48 + 220y47
+ 286y46 + 364y45 + 455y44 + 560y43 + 680y42 + 816y41 + 969y40 + 1140y39 + 1330y38
+ 1540y37 + 1771y36 + 2024y35 + 2300y34 + 2600y33 + 2925y32 + 3276y31 + 3654y30
+ 4060y29 + 4495y28 + 4960y27 + 5456y26 + 5984y25 + 6545y24 + 7140y23 + 7770y22
+ 8436y21 + 9139y20 + 9880y19 + 10660y18 + 11480y17 + 12341y16 + 13244y15
+ 14190y14 + 60xy12 + 15180y13 + 180xy11 + 16155y12 + 360xy10 + 17056y11
+ 600xy9 + 17824y10 + 900xy8 + 18400y9 + 1260xy7 + 18725y8 + 1680xy6 + 18740y7
+ 30x2y4 + 2160xy5 + 18386y6 + 60x2y3 + 2640xy4 + 17604y5 + x4 + 90x2y2
+ 3480xy3 + 16365y4 + 56x3 + 440x2y + 4680xy2 + 14280y3 + 976x2 + 6560xy
+ 10960y2 + 5376x+ 5376y.
TL4(x, y) = y
36 + 4y35 + 10y34 + 20y33 + 35y32 + 56y31 + 84y30 + 120y29 + 165y28 + 220y27 + 286y26
+ 364y25 + 455y24 + 560y23 + 680y22 + 816y21 + 969y20 + 1140y19 + 1330y18 + 1540y17
+ 1771y16 + 2024y15 + 2300y14 + 2600y13 + 2925y12 + 3276y11 + 40xy9 + 3654y10
+ 120xy8 + 4020y9 + 240xy7 + 4335y8 + 400xy6 + 4560y7 + 600xy5 + 4656y6 + 840xy4
+ 4584y5 + x4 + 90x2y2 + 1120xy3 + 4305y4 + 36x3 + 180x2y + 1620xy2 + 3780y3
+ 396x2 + 1800xy + 2700y2 + 1296x+ 1296y.
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P #ClL4(P )
C3 40
2C3 240
SL2(F3) 90
C3 + SL2(F3) 360
L3 40
Table 6: The Conjugacy Classes of the Parabolic Subgroups of G32
P #ClK5(P ) P #ClK5(P )
Sym(2) 45 G(3, 3, 3) 40
2Sym(2) 270 Sym(2) + Sym(4) 540
Sym(3) 240 Sym(5) 216
Sym(2) + Sym(3) 720 G(3, 3, 4) 40
Sym(4) 540 G(2, 2, 4) 45
3Sym(2) 270
Table 7: The Conjugacy Classes of the Parabolic Subgroups of G33
6 The Complex Reflection Groups of Type K
In this section are exposed the Tutte polynomials associated to the irreducible CRGs K5,
K6. The computings were done using the cardinalities of conjugacy classes in Table 7 – 8,
established by means of Lemma 3.4 and [9, Table 10 – 11].
TK5(x, y) = y
40 + 5y39 + 15y38 + 35y37 + 70y36 + 126y35 + 210y34 + 330y33 + 495y32 + 715y31
+ 1001y30 + 1365y29 + 1820y28 + 2380y27 + 3060y26 + 3876y25 + 4845y24 + 5985y23
+ 7315y22 + 8855y21 + 10626y20 + 12650y19 + 14950y18 + 17550y17 + 20475y16
+ 40xy14 + 23751y15 + 160xy13 + 27365y14 + 400xy12 + 31265y13 + 800xy11
+ 35360y12 + 1400xy10 + 39520y11 + 2240xy9 + 43576y10 + 3405xy8 + 47320y9
+ 40x2y6 + 4980xy7 + 50460y8 + 120x2y5 + 7186xy6 + 52620y7 + 240x2y4 + 10164xy5
+ 53164y6 + x5 + 940x2y3 + 14055xy4 + 51276y5 + 40x4 + 240x3y + 2220x2y2
+ 18460xy3 + 45960y4 + 580x3 + 4080x2y + 20820xy2 + 36040y3 + 3600x2 + 17856xy
+ 22320y2 + 8064x+ 8064y.
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P #ClK6(P ) P #ClK6(P )
Sym(2) 126 2Sym(3) 30240
2Sym(2) 2835 Sym(2) +G(3, 3, 3) 5040
Sym(3) 1680 G(2, 2, 4) 2835
Sym(2) + Sym(3) 30240 Sym(2) + Sym(5) 27216
Sym(4) 11340 Sym(3) + Sym(4) 45360
3Sym(2) 11340 Sym(2) +G(3, 3, 4) 5040
G(3, 3, 3) 560 Sym(6) 9072
Sym(2) + Sym(4) 68040 Sym(6)′ 9072
G(3, 3, 4) 1680 G(2, 2, 5) 3402
Sym(5) 27216 G(3, 3, 5) 672
2Sym(2) + Sym(3) 45360 K5 126
Table 8: The Conjugacy Classes of the Parabolic Subgroups of G34
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TK6(x, y) = y
120 + 6y119 + 21y118 + 56y117 + 126y116 + 252y115 + 462y114 + 792y113 + 1287y112
+ 2002y111 + 3003y110 + 4368y109 + 6188y108 + 8568y107 + 11628y106 + 15504y105
+ 20349y104 + 26334y103 + 33649y102 + 42504y101 + 53130y100 + 65780y99 + 80730y98
+ 98280y97 + 118755y96 + 142506y95 + 169911y94 + 201376y93 + 237336y92
+ 278256y91 + 324632y90 + 376992y89 + 435897y88 + 501942y87 + 575757y86
+ 658008y85 + 749398y84 + 850668y83 + 962598y82 + 1086008y81 + 1221759y80
+ 1370754y79 + 1533939y78 + 1712304y77 + 1906884y76 + 2118760y75 + 2349060y74
+ 2598960y73 + 2869685y72 + 3162510y71 + 3478761y70 + 3819816y69 + 4187106y68
+ 4582116y67 + 5006386y66 + 5461512y65 + 5949147y64 + 6471002y63 + 7028847y62
+ 7624512y61 + 8259888y60 + 8936928y59 + 9657648y58 + 10424128y57 + 11238513y56
+ 12103014y55 + 13019909y54 + 13991544y53 + 15020334y52 + 16108764y51
+ 17259390y50 + 18474840y49 + 19757815y48 + 21111090y47 + 22537515y46
+ 24040016y45 + 25621596y44 + 27285336y43 + 29034396y42 + 126xy40 + 30872016y41
+ 630xy39 + 32801391y40 + 1890xy38 + 34825546y39 + 4410xy37 + 36947211y38
+ 8820xy36 + 39168696y37 + 15876xy35 + 41491766y36 + 26460xy34 + 43917516y35
+ 41580xy33 + 46446246y34 + 62370xy32 + 49077336y33 + 90090xy31 + 51809121y32
+ 126126xy30 + 54638766y31 + 171990xy29 + 57562141y30 + 229320xy28 + 60573696y29
+ 299880xy27 + 63666336y28 + 385560xy26 + 66831296y27 + 489048xy25 + 70058016y26
+ 613830xy24 + 73333344y25 + 764190xy23 + 76640739y24 + 945210xy22 + 79959474y23
+ 1162770xy21 + 83263839y22 + 1423548xy20 + 86522344y21 + 1735020xy19
+ 89696922y20 + 2105460xy18 + 92742132y19 + 2543940xy17 + 95604362y18
+ 3060330xy16 + 98221032y17 + 1680x2y14 + 3668700xy15 + 100519797y16
+ 6720x2y13 + 4389000xy14 + 102414348y15 + 16800x2y12 + 5236980xy13
+ 103796853y14 + 33600x2y11 + 6224190xy12 + 104540478y13 + 58800x2y10
+ 7357980xy11 + 104501908y12 + 94080x2y9 + 8659644xy10 + 103523868y11
+ 143955x2y8 + 10164420xy9 + 101419500y10 + 560x3y6 + 212940x2y7 + 11915820xy8
+ 97956740y9 + 1680x3y5 + 336126x2y6 + 13948620xy7 + 92845530y8 + 3360x3y4
+ 538524x2y5 + 16253244xy6 + 85742040y7 + x6 + 16940x3y3 + 845145x2y4
+ 18547956xy5 + 76257370y6 + 120x5 + 1680x4y + 42420x3y2 + 1315020x2y3
+ 20364540xy4 + 64204140y5 + 5580x4 + 103320x3y + 1787940x2y2 + 20946240xy3
+ 49757400y4 + 125280x3 + 2068416x2y + 19005840xy2 + 33672240y3 + 1353024x2
+ 13716864xy + 17962560y2 + 5598720x+ 5598720y.
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